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( 1 ) 
HIS? ACS 
In general theory of r e l a t i v i t y , the study of wares 
and rad ia t ion I s nearly as old as the theory i t se l f* In 
1916^18* Eins te in himself made the tivBt analysis of the 
problem using the approximation methods. Since then a large 
number of worloers haw attacked the problem through d i f f e -
rent d i r e c t i o n s . I t was only two decades back that some of 
the r e l a t i v i s t s postulated i n a covar iant manner, tha t i t i s 
the Rieraann curvature tensor titoich t r u e l y character ize the 
g rav i t a t iona l f i e l d . The present t h e s i s e n t i t l e d * Studies oj 
rad ia t ion i n general theory of r e l a t i v i t y * i s devoted to the 
study of the algebraic and geometric p roper t i es of the Riemann 
curvature tensor as also t&e electromagnetic f i e l d tensor , 
with a view of character iz ing and studying the g rav i t a t i ona l 
as well as electromagnetic r a d i a t i o n i n general r e l a t i v i t y , s 
I t consis ts of five chapters . 
Chapter I i s an in t roductory chapter which gives a 
br ie f resume of some of the well known r e s u l t s tha t wil l be 
used i n the subsequent chapters* 
In Chapter I I , to make an algebraic study of the 
Riemann curvature tensor, the invar ian t s of th i s tensor have 
( U ) 
been studied in the algelocaic c lass i f icat ion of Rieinann cur* 
vature tensor due t© Petarov, said also one due t© Sha?^a and 
Hueain. I t has been concluded that ^the vanishing of certain 
invariants (without the curvature tensor being zero) charac-
ter ize the presence of the gravitational radiation. This 
assertion i s then verified by considering several known solu-
t ions representing gravitational radiation. The »super 
energy* of the gravitational f ield, due to Bel, has also been 
expressed in terms of the invariants and i t i s seen that the 
gravitational radiation i s characterized by the vanishing of 
the super energy without the curvature tensor being zero. The 
contents of this chapter have appeared in Indian 3, yure APPI. 
Maths. 8 No, 6(1977) 656-662 and |>roc^ fii^ern^tipnal 8.7iaposiTM 
Re3.itWty ^ Pnified Field ?faeoyyt O^P^tta (1g7g-.76) 2^1, 
L^CharaGterizing the nul l electromagnetic field by a 
(F,g,r ,S)-structure on the space-time V ,^ and i t s study forms 
the contents of Chapter I I I . I t i s seen that Jhs nul l e lec t ro-
magnetic fields are characterized by the re la t ion Ir m 0 
and the Hijenhuis tensor of th is structure plays a very natural 
role in the study of such f ie lds . The Sichnerowicz conditions 
for the existence ©f total radiation have also been obtained i n 
3 
the present set t ing and the condition P « 0 has been t rans-
lated into a corresponding coniition on the Ricci tensor. The 
contents of this chapter have been presented at the 8th innual 
( l i i ) 
Conferewpe of Indian issoclatlon for general Relativity and 
Gravitation 1978. 
In Chapter IT, ^ f f e r e n t type of collineations along the 
propagation and polarization vectors have been studied for the 
geometric stmicture (defined in Chapter t i l ) characterizing 
the null electrcaaagnetic field on a '^A<\^'^ i s Been that 
k 
^ P a 0 implies P !:> g « 0 which does not necessarily 
S 13 j S ik 
mean that S (propagation vector) i s Kil l ing. In the l a s t part 
of the chapter, a conservation law, f i r s t given by Katzin et a l 
for null electromagnetic f ie lds , has been given for the present 
geometric structure^ The contents of this chapter have been 
accepted for the presentation^ a t the Einstein centenary SVBIPO-
i t has already been seen in Chapter I I I that ,^ the 
HijenhulB tensor of the (P,g,r ,S)-structure on a space-time 7^ 
playB a very natural role in the study of electromagnetic r ad i -
ation in general r e la t iv i ty . A closer look at this tensor, 
therefore, forms the objective of Chapter V. In this chapter 
some geometric properties satisfied by the Nijeahuis tensor 
have betn obtained, and an attempt has been made to give a 
phjrsical meaning to this tensor. I t i s seen that the various 
components of this tensor, In any specialized frame, represent 
( ir) 
the var ia t ions of the e l e c t r i c and magnetic f ie ld i n 
d i f fe ren t d i r e c t i o n s . I t s components have a lso been calculated 
for a few l ine-elements represent ing electromagnetic r a d i a t i o n . 
Mathematical r e l a t i ons obtained in IJie t h e s i s have been 
numbered i n three s lo t s j e . g . , a r e l a t i o n numbered as (111-2,9) 
would mean the 9th r e l a t i o n occuring i n the second sect ion of 
Chapter I I I . 
In the end we have given a bibliography ^Loh by no 
means i s exhaustive on the aib^eet . In faot only those works 
have been l i s t e d vihich have been referred to i n the t h e s i s . 
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OHAPTER I 
IRTROPIJgTIOg 
The concept of radiation has emerged at the same time 
as the concept of field from the quantitative study of the 
electromagnetic phenomena as described by Maxwell's theory. 
l ike the Maxwell's equations, the Binstein gravitaj-
t ional f ield equations are also hyperbolic in nature, fhere-
fore in general r e l a t iv i ty , we have a si tuation similar to 
that found in Maxwell's theory. In partictilar general re lar 
t i v i t y leads necessarily to the existence of •Gravitational 
Radiation*. 
In general r e l a t iv i ty , the study of waves and radiation 
i s nearly as old as the theory i t s e l f . lEhe f i r s t analysis of 
the problem was carried out by Einstein himself in 1916 - 18. 
^insteln-Rosen [ 14 ] , Infeld and Scheirdegger [ 20 ] , [ 4-9 ] t 
Peres [ 35 ] and others have studied the problem using the 
approximation methods and cer ta in coordinate conditions. I t ^ 
was only two decades back that Lichnerowica [ 25 ]»/Bel [ 6 ] 
Sachs [ 44 ] and Sharma and Husain [ 50 ] have studied the 
problem in a covariant way by postulating that i t i s the 
Riemann curvature tensor vAiich truely characterize the 
gravitational field, fo have an l<iea about the importance of 
the Rieraann curvature tensor i t i s worthwMle to quote Sachs 
£ 45 }»Ihe Riemann tensor i s the Bimplest non-trivial object 
ooB can build at a point, i t s vanishing i s the c r i - t e r ion for 
the absence of genuine gravitational field and i t s structure 
determine the relative motion of the neighbouring t e s t p a r t i -
cles via the equation of geodesies" . 
Geometrical properties of the Riemann curvature tensor 
have been discussed by several workers, in par t icular , by 
Ruse [ 43 3 and by GeheniaXl and Debever [ 1 6 ] , C 9 ] f [ l 0 l » 
An algebraic classif icat ion of the Riemann curvature tensor 
was f i r s t Carried out by Petrov C 37, 38 ] and Pirani C 39 ] . 
Witten [ 54 1 and Penrose C 54 3 have redeveloped both algeb-
raic and geometric properties of the Riemann tensor using the 
techniques of spinor caleulas. The theory of Petrov classes 
were further developed by Bel [ 6 ] , Llchnerowica C 24 ]» 
Sache [ 46 ] , C ^T 3» Ehlera and Sachs [ 13 3 and Sharraa a«l 
Husain [ 50 ] . 
On the other hand, recent advances in the experimental 
field and in particular Weber's experiments hold out prospects 
for laboratory detection of the gravitational waves (a 
detailed account of the question of the presence of gravi ta-
t ional radiation has been given by Ahaan [ 1 ] ) . 
since it is seen that the Rieinann curvature tensor 
characterizes the gravitational field, it is therefore impe-
rative to raake an algebraic and geometric study of the 
Riemann curvature tensor, The present thesis serves this 
purpose to some extent. 
This chapter contains a brief resume of some of the 
well known results that will be used in laie subsequent 
chapters. 
1-1. Since, almost all the criterion for the existence of 
the gravitational radiation are based on an analogy with 
the methods for determining the state of electromagnetic 
radiation, therefore, we shall first deal with the radiating 
electromagnetic fields, 
let P|^ ^ be the skew symmetric electromagnetic field 
tensor which satisfies the Maxwell equations 
(1-1.1) Pi^ . j , • F^j^.^ * P j^ . ^ « 0. 
(1-1.2) P . J « J , 
i 
where J i s the 4-current vector. For radiative (null) 
electromagnetic fields 
(1-1.3) ^i^ P « 0 « P^ jj ? 
where Pj^^ is ^e dual of 1^^^ and is defined as 
• 1 «rt mn 
P 
Pear null electromagnetic fields, it is also possible 
[ 35 ] that the electromagnetic field tensor P^^ may be 
expressed in the following form 
(1-1.4) P^ jj « B^t^ - t^S^ , 
i i i 
where s^s « 0 « e^t , t . t m - 1 , e i s the propagation 
vector ana t i s the spaee-liise polarissation vector. 
Definition 1-1 T 23 1 t fhe Nljenhuis tensor H(X,T) for 
any (1,1) structure tensor P I s defined as 
(1-1.5) H(X,y) m £ X,T ] • C X,T 3 - [ X,Y ] - [ X,T ] . 
where C x , x 3 denotes the l ie-bracket and X o P(X). 
Definition 1-2 T 40 1 t In general r e l a t i v i ty , the Hijenhuis 
tensor ff^M ^^ terms of the electroaagnetic f ield tensor 
^ I j ®^ S twn by 
k k t t t k t i c 
(1 -1 .6) If « P ( P - P ) • ? ? - P P 
Xm t 1 ;B m;l 1 » ; t m l ; t 
where P|4 s a t i s f i e s (1-1.1) and (1 -1 .2 ) , In terms of the 
^ k 
4-ctirrent vector, N has the fora 
Ira 
k t k t k t k 
(1-1 .7) H - ( P P ^ P P - P P ) 
ID I S I n BI 1 $t 
k k k 
+ J P - J P + ' J P 
Im 1 m m l 
k 
So tha t for the ctirreiit free cc^e> H reduces to 
k t k t k t k 
(1-1 .8) N . ( P P • P P - P P ) 
l a l a 1 B m 1 } t 
Def in i t ion 1-3 F 15 1 t The Weyl conformal curvature tensor 
^15k ^^ defined as 
h h 1 h h h h 
(1-1.9) C » R - - ( S R - 6 R * g R - g R ) 
i j k I j k 2 k i j ^ i k i j k Ik J 
R h h 
+ - (6 g - 6 g ) . 
6 k I j j i k 
In the index-free notation, this has the following form 
[30] 
1 
(1-1.90 0(X,T,2) m R(X,T,2) - -<2 Ric(X,T)-Y Rio<X,Z) 
2 
+ 2g(X,T) - Tg(X,2)) 
• V(2g(X,T) • lg<X,2)). 
6 
JDefinition I«4 F 15 1 t 9?he Weyl projective cicrvature tensor 
h 
If i s defined as 
i3lt 
h h 1 h h 
(1-1.10) W « R - - (6 R - 6 R ) . 
i j k I j k 3 k 13 3 ik 
In the Index-free notation, tliis QBR he written as [ 30 ] 
1 (1-1,10») f(X,Y,2) • R(X,Y,2) - - ( 2 Rlc(X,Y) - Y Rlo(X,Z)). 
5 
In Ijoth the c ^ e s R(X,Y,2) i s the Riemaan curvature tensor 
and i s given hy 
R(X,Y,2) '-VV Z-VVZ - V^ , 2 . 
^ y y ^ [X,Y] 
DefinitioBi 1-5 r 15 1 t A space-tiiae T. Is said to be 
h h 
eoBfozsally - (or projectlvely) flat If 0 (or f ) • 0. 
Definition I-^ T 59 1 i Li© derivative. 
Consider a point transformation 
in a Riemannian manifold M, or» in local coordinate 
% i X -* X a f ( x ) . 
Suppose that we have a geometric object field SL (p) 
and we bring back the object -^(r) a t P* to P by (the 
differential of) the transformation inverse to «, then we 
have a geometric object -AX. (p) at P, Call the differeiKie 
- ^ (P) - - ^ ( P ) , the Lie difference with respect to the 
transformation under consideration. 
If we have a one-parameter group of transformation 
,h h 
X «« f (x , t ) generated by a vector field X, we define 
(1-1.11) tSLm l i « - (-TL (p) - - T I (p)) 
X t*o t 
as the lie derivative of the object -H- with respect to Xj't 
8 
"being the so-'Called canonical parameter. 
According to th i s definition, the l i e derlTative of a 
h 
function f with respect to X with local components X 
i s given by 
(1-1.12) (^- f m Xf « Z S/ t , 
X •»' 
3?he l i e derivative of a vector field Y with respect to X i s 
(1-1.13) <5fe Y « [ X , y ] 
X 
or, in local coordinates 
. h i h i h 
(1-1.150 ^ r • x v ^ y - Y V ^ x . 
X ^ ^ 
The l i e derivative of a 1-fonfl cO with respect to X Is 
(1-1.14) (^oi)(Y) m x(cO(Y))-a)([x.y]). 
X 
or, in local coordinates 
(1-1 .U') jE.a).« X^XyTCd:^ COSZX^-
The lie derivative of a tensor field of type (1,2) is given by 
(1-1.15) (66 A)(y,2) . [X,A(y,2)] - A(LX,y],2)-A(Y,[X,2]). 
or, m local coordinates 
„ h k h t h h t h t 
(1-1.t5») ^ A « X V A -A XZ X * A V X • A . \ 7 X . 
X 31 '^  ±5 n "i^  t i ^ dt ^ 
Definition 1-7 f 58 1» A space-ti»e 7^  is said to admit a 
motion (M) if there exists a vector ^ such that 
§ 15 ij3 dll 
Ihie equation is known as the Killing equation and the vector 
^ satisfying i t is called Killing vector. 
Definition 1-8 F 8 1 t A space-time 7. i s said to admit a 
Maxwell collineation (MC) if there exists a vector §*' such 
that 
* k Ic k 
^ I j Ijfk Ik ;3 kd Jl 
where P is the electromagnetic field tensor. 
id 
Peflnitlea 1-9 f 22 1 t A space-time V. is said to almit 
an affine collineation (AG) if there exists a vector ^ ^ 
8UGh Hiat 
0. 
Befinitien 1-10 T 22 7 i A space-time T^  is said to admit 
^c! 
^ ^ ^ 
m ^ 
h 
J 31 
k h 
R kdl 
10 
a curvature co lUnea t ion <CC) i f there ex i s t s a vector ^"^ 
such tha t c?0 R •• 0 . 
Def in i t ion I>11 F 22 1 * A space- t iae V^ is eaid t« admit 
i, 
a Ricc i c o i l i a e a t i e n (RC) i f there e x i s t s a vector "^ such 
tJiat ; ^ R^j « 0» Kidiere K^^ i s tiie Ricci tensor . 
I.iohni?rov4cz conailfion for t o t a l r a d i a t i o n [ 25 ] . fhe space-
time V* describes the s t a t e of t oa l r a d i a t i o n i f there 
a 
ex i s t s an i so t rop ic (auH) vector 1 >J 0 such -ttiat 
I R • I R - f l R t s O , 
a bcde b cade o abde 
a 
1 R » 0 • 
abed 
The Ricci tensor sa t i s fy ing the above coni i t ions w i l l have 
the font 
R - k 1 1 
13 1 3 
idiere k i s constant . 
OHAPTgl IX 
IHVARIAHTS OF ODRVAlPimii TENSOR AHD GRAVI!gATIONAI, 
RADIATIOH IH QEHBRAL RELATIVITY 
In t h i s chapter , the foima of c e r t a i n invar ian t s 
defined i n t e r a s of curTatnre tensor i n empty space-time 
have Iseen studied In the etlgetraic c lasDi f ica t ion of Shaima 
and Hnsaitt [ 50 ] sa& a c r i t e r i o n for the existence of g ra -
v i t a t i o n a l r ad ia t ion has heen prenented. Also the 'super 
energy* of Bel has been calci i lated and a c r i t e r i o n i n terms 
of the super energy of the g r av i t a t i ona l f i e ld has been for-
mulated* 
I I - 1 . The curvature tensor has boen c l a s s i f i e d , among o the r s , 
by Sharma and Husaln [ 50 ] according to the number of eigen 
Values of a complex s ix dimensional tensor defined In terms of 
the curvature tensor. The various caaes of Sharma Husaln 
c l a s s i f i c a t i o n are summarized as under t 
Case I » When a l l the three e l gen values are d i f f e r en t , the 
matrix for R reduces to 
hljk 
12 
R 
abed 
»1 
0 
0 
h 
0 
0 
0 
02 
0 
0 
\ 
0 
0 
0 
a j 
0 
0 
h 
^1 
0 
0 
- ^ 
0 
0 
0 
^2 
0 
0 
"•«2 
0 
0 
0 
^3 
0 
0 
- ^ 
Case I I J When two of tlie three eigen values are equal, there 
are two following cases t 
S-ftse U <a) 
R m 
ahcd 
3 
^ 
0 
0 
0 
0 
0 
^1 
0 
0 
^1 
0 
0 
0 
-2a^ 
0 
0 
-21)^ 
^ 
0 
0 
0 
0 
0 
^1 
0 
0 
^ ^ 
0 
0 
0" 4 
-3Lk, 
0 
0 
2a^ 
fiassJS C )^ » 
13 
R 
abed 
2a 2"b 0 
0 
0 
21) 
0 
0 
-(a*d) 
^ 
0 
(b-c) 
•»d 
««0 
- (a-d) 
0 
-d 
(b+c) 
0 
0 
-2 a 
0 
0 
(b-c) 
—d 
0 
i&*d) 
c 
-d 
(b+o) 
0 
c 
(a-d) 
Oaee I I I t When a l l the three eigen values are equal, there 
are following two poss ib i l i t i es s 
abed 
0 
- a 
- b 
0 
- b 
« 
- a 
0 
0 
- |> 
0 
0 
- b 
0 
0 
a 
0 
0 
0 
•"b 
a 
0 
a 
b 
- b 
0 
0 
a 
0 
0 
a 
0 
0 
b 
0 
0 
14 
q^se I I I (b) t 
0i^Q& 
0 
0 
0 
0 
0 
a 
0 
0 
- a 
OKI) 
0 
0 
0 
0 
0 
0 
0 
b 
-a 
a 
0 
b 
Cases I , 11(b) and i l l ( a ) correspond to the types' I , I I 
and I I I of Petrov classif icat ion. I t has also been coiwluded 
by Sharma and Husain that Cases I l l ( a ) and I l l (b ) correspond 
to the case of gravitational radiation, and further that they 
are characteri25e<iby the following invariant conditions i 
(1) A necessary and sufficient oonaition in order that 
R Bay belong to the Case Ill(a) is that there exists a 
abed 
a 
null vector 1 such that 
a c 
R 1 1 
abed 
• a c 
and R 1 1 
abed 
15 
where 
* 1 _^ am 
• - Tl R 
abed 2 ' al»ii cd 
( i l ) A necesBai^r and sufficient condition in order that 
R may Taelong to the Oase Ill(fe) i s Ifeat there exists 
abed 
a 
a null vector 1 such that 
a » a 
R 1 « 0 and R 1 » 0. 
abed abed 
GeheniaJL and Bebever C 16 ] have decomposed the 
curvature tensor as follows t 
abed abed abed abed 
where 0 is the feyl tensorf B is the Einstein 
abed abed 
tensor defined by 
1 (II-1.2) B « - ( g S + g S - g S - g S ) 
abod 2 a c b d bdao adbo bead 
with 
1 ( I I -1 .3) S • R - - g R 
ab ab 4 ab 
€Uld 
16 
R 
(II-1.4) <> « - - ( g g - g g ) . 
abed 12 ao bd ad bo 
Greenberg C ^ 8 3 lias enumerated the fourteen invariaats 
of the curvature tensor as follows: 
There i s a Rlccl scaler R, there are four invariants 
of the Weyl tensor C , three inrar iants of the Einstein 
abed 
tensor B and six invariants of the combined Einstein and 
abed 
Weyl tensors. 
Prom Equations 01-1.2), (1-1.5) and CDt-l.^), Equation 
(11-1.1) may be expressed as 
1 (II-1.5) R - 0 • - ( g R + g R - g R - g R ) 
abed abed 2 a d b o bead acbd bdac 
R 
- - ( g € - g g ) . 6 ^ bo ao bd 
If in the decoaposition (11-1.5), the Ricci tensor R « 0, 
ab 
then the feyl tensor reduces to Riecann tensor and in this 
case, Rieaann tensor has only four invariants (non-vanishing). 
The ceaponent foias of these four invariants,a^ found out by 
Oreenber^C 18 ] , are as follows. 
abed * abed 
A » R R , A m R R , 
1 abed 2 abed 
17 
4 cdaia ab 4 * cdnn ab 
B « * R R R , B « « R R R 
1 3 abed mB 2 3 abod ran 
^X^2. gonas of Carvature Invariants l a the Olasslficatlon 
of Shaiaa-aisain and getroT. 
The forms of the invariants A^, Jig, B^  and Bg of 
the curvature tensor as calculated for the c lass i f icat ion of 
Shanaa • Husain are summarized in Table I and those for 
Petrov classif icat ion are given in Table I I , 
18 
^ \ o 
M 
I 
6^  
0) 
^ 
S 
CM _ K \ 
•o 
- • ^ 
<0 
• CM ^ CM 
<0 
« * ^ 
+ Cy JT 
<o 
_.• • flj 
s>o 
«i£i 
- ^ f K> 
f"'"l 
< « i 
t'N ^ 1 ^ (0 
• 
*'^ ^CM 
C5 
• tr\ ^ ^ 
CO 
K ^ 
1 
tr^ 
CM ^-
<R 
1 
CM _ r -
d 
' I N * ' 
-^» 
• " 
S 
.o CM 
K> 
1 CM 
•Q 
VO 
K\ 
1 
lA 
« 
CM 
"^ 1 1 
W ^ n CM ITk 
«9 
^ CM _ t - CM 
CM 
CM 
• 
< * ^ 
4' 
- ."^ ifl V ^ 
CM 
4 
CM ^ C M 
^ 
CM V* 
CM 
1 
.o 
1 
CM . . ' t -
is %«<» CM 
T -
P 
1 
CM 
« 
x-** CM 
T» 
M 
W 
M 
ft 
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Proa Tables I and I I , we notice that Aj, A2» B^  and Bg 
a l l are equal to asero for Cases I l l ( a ) and I I I (b) ©r 
Type I I I . Thus, we conclude that vanishing of "the Invariants 
of the curvatu3?e tensor in empty space-tiMe corresponds to 
the Case of gravitational radiat ion, or in other words: 
J l R ^ 0 sSSL A^  « Ag « B^  « 1^ • 0, ^hen 
abed 
^iSL fflantateJI^l radJLft|l,pn i ^ pres^ffit, fttl^er^i^ee there ^M 
11-3. 2fow, in order to check the val idi ty of our assertion, 
we shall calculate the values of the four curvature invariants 
for soae Imown slilutions in general r e l a t i v i ty , and compare 
the conclusions arrived at with the already known resul t s 
about these solutions. 
( i ) Takeno»e plane wave solution [ 51 ] i s given by 
2 2 2 2 2 
ds m -Adx - 2Ddxdy - Bdy - dsf • dt . 
The non-vanishing cc»ponents for the curvature tensor are 
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R « •R » R « U , 
3131 31H t414 
R *s -R m R « 7 , 
2323 2324 2424 
R • -R « -R ta R w W. 
3123 5124 1423 1424 
After calciaating the four invariants, we get 
4 . « ^ * B^M Bg S B O 
aad hence, according to onr assertion, Tak:eno»s plane wate 
solution corresponds to the case of gravitational radiat ion. 
( i i ) sanstein-Rosen metric C 4-2 ] i s given by 
2 2f -2Y 2 2 2 -2Y 2 2 ^ 2 
de « e (dt -dr )-or e dcj - e iz 
frtier© "T and Y are functions of r and t ©nly. We consider 
the case where 
-^ - 0 and "^  • N^(r- t) . 
The nem-raniehing coaponents for Itoe curvature tensor are 
-R /^^ . -R /^^ « -R /)^^ « R 
1212 1224 2424 \ 3131 
« -R « R » '^/2'V . 
3134 3434 
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After calcvOLattons, we get 
^ 1 * " * 2 * ^ 1 * % * ^ 
and thus, according to otir preaent assertloUt this fora of 
EinsteiKKRosea metric belongs to %e case of graidtational 
radiat ion. 
( i i i ) a?he Pereo metric £ 36 ] i s given by 
2 2 2 2 ^ 2 
de « -dx - dx - 4^ • 2f (dx • dx ) + dx . 
1 2 3 4 3 4 
fhe non-vanishing components of laie curvature tensor are 
R « 1 » R • f 
3131 3114 1414 ,11 
R « R at R ts f 
2323 2324 2424 ,22 
R « R - R « R « f . 
3123 3124 1423 1424 ,12 
After calculations, we get, 
A^  « A2 « B^  • Bg » 0 
and thus, according to our present cr i ter ion, Peres line-
eleoent belongs to the case of gravitational r ad ia t i t a . 
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( ! • ) Thd SchwarlJzchild line-element [ 52 ] 1B glvea by 
2 7^  2 2 2 2 2 2 ^ 2 
da » -e dr - r d9 - r sin 9d(} •!> e dt 
v^ere V » - A and e w (1 • — ) and A, V being funo-
r 
t lons of r . The non-vanishing conponents of the curTatnre 
tensor (Xre 
1 :' t / . ' 1 .'a 
1414 2 4 4 
R « - -r"i) e " . 
2424 2 * 
R « *• - r V s in 6 e , 
3434 2 
R «• r (e - 1) s l» 0 , 
2323 
^ ^^ 2 R - - - r A Bin 0, 
3131 2 
1 / 
R S.W p A , 
1212 2 
After ci lcolat lons, m find 
^ .' 2 4 2^ 
V ) • ( V / r ) • l / i " 
2 2 
A 2 - O , 
^ 1 V' ^ V5^  V -i) 7, 4 
24 
B «= - r ^ (->> - -^ ) (- - ^ * - ^ ) + ^ /2 r ? (e )+(e^1) / / ] , 
^ 5 ^ 2 2 2 2 
which shows that , according to present cr i ter ion, 
Schwartzchild line-element does not correspond to the case of 
gravitational radiation. 
In fact# the laatrix for R coincides with that 
ahed 
of Case XX(b)» i f we put h « O B d « 0 * Hence, Schwartsschild 
line-element belongs to the Case 1 I { ! J ) . 
I t has been shown by Shanaa-Husain [ 50 ] that Taksno's 
solution belongs to the Case I l l ( b ) and corresponds to the 
gravitational radiation, n^iereas Schwartzohild line-eleiaent 
belongs to the Case 11(b) and does not correspond to gravita-
t ional radiation. 
Further, i t i s well known (e.g. £42 1, [ 61 3) *lia* 
both the SLnstein-Rosen and Peres solutions belong to type H 
of Petrov classif icat ion ana correspoM to gravitational 
r a d i a t l t s . 
I I - 4 . The'super energy tensor'of Bel [ 6 ] Is defined by 
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abed 1 mon M •a»ja •M 
f a -(R R • R R ) 
2 mn an 
and the*super energy of the gravitational field i s defined aa 
a abed 
f<u ) - T W % \ 
a 2 
for any unit time-lilj» vector u such that u « 1. This 
a 
f (u ) may be expressed as 
where 
and 
1 
2 
T -
ab 
ab 
ab ab 
(Y Y • 2 Z ) 
ab ab 
c d 
R u u , 
acbd 
* c d 
R u u . 
acbd 
Calculating the super energy t for the different cases of 
the classif ication of Sharaa-Husain, we fiiai that 
2 2 2 2 2 2 
gor Case I i t m (a + a + a ) - ( b + b - t ' b ) . 
1 2 3 1 2 3 
2 2 
^n ga?f liCft) » w « 6(a - b ) . 
1 1 
26 
2 2 
t V » 6(a - li )• 
For Case I l l ( a ) t f « 0 . 
ggp Case 111(h) t 7 « 0 . 
Thus, W m 0 for the Cases I I I (a) and I l l ( b ) of the 
c l a s s i f i c a t i o n of Sharraa-Hueaia, which correspond to the 
g r av i t a t i ona l r ad ia t ion . However, i t should he noted t h a t , 
contrary to the theorem of Bel [ 6 , 61 ] t h i s wi l l not imply 
t h a t R rs 0 , because i n these cases , there i s no t i a e -
abcd ^ 
l i k e vector u for which the r e l a t i ons 
b d 
K u u « 0 
abed 
and 
• b d 
R u a » 0 
abed 
ho lds . In f ac t , the omy vector for which these r e l a t ions 
hold i s the nu l l vector . Ihus , t becomes equal to zero without 
R vanishing, and, therefore , ire can say t h a t the g r av l t a -
abed 
t i o a a l r ad i a t i on 4g characterized hi Jh^ vanishing ^f .SlS super-
JB^fFfiy St ^ g rav i t a t iona l f i e ld , mtiile R ^ non-zero. 
abed 
OHAPTSR I I I 
(P.g.r.S)-S!I!RIIga!ORB Mk RAPIATIOH |H GEHERJO:, RELATIVITY 
In 1976, Mishra [ 29 3 has studied the electromagnetic 
f ields in a covariant (index-jtree) manner by classifying the 
(1,1) tensor field P into four classes according to i t s 
eigen "B^ues and has worted out various interest ing geometric 
properties for the different four classes. 
In the differential geometry of almost complex spaces, 
the importance of the Kijenhuis tensor i s very well known 
(c.f. Yand [ 60 3 , Ihiggal [ 11 3f Matsumoto [ 2 6 ] ) , while 
for general theory of r e l a t iv i ty , Radhalsriehna and Khade [40] 
h 
have studied the Nijenhuls tensor Nj,^  in terms of "ttie e lec-
tromagnetic field P^. in local coordinates. 
Motivated by the works of Mishra and Radhakrishna and 
Khade, the present chapter deals with the study of ISie null 
electromagnetic fields and the corresponding Nijenhuis tensor 
1I(X,Y,Z) in a covariant (index free) manner. I t i s seen that 
3 
the null fields are characterized by the re la t ion P • 0 and 
the Nijenhuis tenser plajrs a very natural role in the study ef 
null electromagnetic f ie lds . The lichnerowicz Conditions for 
28 
the total radiation hav© been obtained in this setting, and 
3 
the condition P » 0 has been translated into a correspon-
ding condition on the Ricci tensor. 
I I I - 1 . Let V- be the space-time of general r e l a t iv i ty with 
the (gravitational) symmetric tensor field g. Let P be a 
tensor field of type (1,1) such that the antisymmetric elec-
tromagnetic field tensor ^P of type (0,2) i s given by 
(c.f. C 29 ] ) 
( I I I -1 .1) g(P(X),Y) i^ 'p(X,Y). 
and l e t 
( I I I -1 .2) 4K S l l - 0 P(P), 
1 
r 
i^ere C^^ i s the operation of contraction with respect to 
the r th contravariant and sth covariant s lo t . 5h« s t ress 
tensor Cf of typo (1,1) associated with the given Maxwell 
tensor field P i s then given by 
(111-1,3) Cf (X) « X+KX, where X - P(X). 
The characterist ic equation for P i s g i ^ n by 
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^ 2 , , 
( I I I - t . 4 ) F • 2KF • I F I I s 0 , 
4 
where F ^ F ( F ) , F « I ^ , I^ being the I d e n t i t y 
transformation i n V*. Ihe eigen values for F are 
a* « -a/ i fyD'¥ K « M.l ein 0", 
a - a -a* « \ f W - K » M cos ff", 
, 2 2 
T^ere D ^ K - IFJ and H a fD . 
Ike electromagnetic f i e ld i s said to Ise of 
FIRST c lass i f K| F I / 0 , 
SECOND •• •* J F | - 0 , K > ^ 0 , 
THDU) •* »• I F I « 0 , K « 0 , X / 0 , 
FOURTH •• »• X « 0 . 
Mn Electroaagnetic f i e ld gf J i e TH|RD cjlftss ^g. t^g, 
HqUi eleotroBagnetic f i e l d . 
F©r the t h i r d c l a s s , a i l the four eigen values of F 
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vanish. I»et S be aa eigen vector of P. I t has been shown 
by aiavaty and Mlshra (C 19 ] t C 29 ] ) that we oon then 
choose a set of l inear ly independent null vectors p,Q,R,Sj 
P, Q being cOTiplex conjugate, and the set rp ,q , r , s j of 
l-fonas dual to $"p,Q,R,Sj such that 
(III-1.5) X • p(X)P • q(X)Q + r(X)R • s(X)S , 
and 
(ni-1.6) P(X) « X « r(X)T t t(X)S , 
1 1 
where t « — (p+q) and f «» — (P<^Q). The vector T is p. fa 
called the polarisation VBctor and the vector S the pyffpft: 
gatlon vector* In th i s case, without any loss of generality, 
we ftah assume that 
( I I I -1 .7) g(X,Y) « ( p 0 q * q e p - . r e s - 8 0 r)(X,Y). 
I t May easi ly be verified that the following relat ions 
are true for the null electronagnetic fields (c.f. [ 29 ] ) . 
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r I 2 F(P) . - - S . P (P) -iFCs) « 0 , 
1 2 
P ( Q ) « - - S , p (Q) . 0 , 
2 1 
P(R) « T , P (R) • -«S, 
1 2 
P(!E) • - - S , P (T) » 0 , 
r2 
^ « « M _ 
P ( P ) - P (Q) « P (R) • P (S) • P (T) 0. 
( i n - I . S a ) r<X) - r2p(X)« ir2q(X), r(X) - S « 0 , 
P (X) » X « r(X)S, 
s(X) - 0 , t(X) . r (X) , t<X) . 0 
P(X) m q(x) m 0 , 
g(S,X) « - r ( X ) , g(R,x) m . s ( X ) . 
and 
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(III-1.8b) 
g(X.Y) • g(X,Y) m 0, 
g(X»T) « -gU.T) - -gCX,T) » 
g(X,Y) » g(X,y) « 0, 
g(X,T) » 0. 
Using equations (111-1,6) a»d (111-1.8), it may be shown 
that 
(III-1.9) 0. 
Defini t ion I n - 1 . 1 t A spaoe-1;Jlne V^ ^^t^sfy^np; ( y i I - 1 , ? ) . 
( I I I - 1 . 9 ) i s Bald t £ endowed with j n ( F . g . r . S ) - s t r u c t u r e 
(of n u l l lyhd)> 
m - 2 . inJSNHUIS TENSOR POR (F, g, r , S)-SIRUCTimB. 
Proa equations ( I H - I . l ) , ( I I I - 1 . 6 ) and ( i n - 1 . 7 ) . 
we have 
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m < p ® q + q 0 p - r 0 s - B 0 r ) (F(X) , r ) , 
( i n - 2 , 1 a ) « r(X)t(Y) - t(X) r (T) , 
©r 
1 (ni-.2.1l)) P » r 0 t - t 0 r « - . r A t . 
2 
The electromagnetic field tensor F sa t i s f ies the Maxwell 
equations viz. 
( I I I -2 .2 ) iv'f)(Y,Z) • (V'^XZ.X) • <v'F)CX.t) • 0, 
X t 2 
(111-2.5) d i y P « 0, or C ( V F)(X) « 0, 
W W 
where \/ is the connection compatible with the metric g and 
C^ denotes the obvious contraction. Equations (111-2,2) ana 
(111-2,3) can alternatively be expressed ao 
(III-2.2a) d'p • 0 
(IIl-2.3a) &'F • 0, 
The Hijenhttlfl tensor ir(X,T) if P is given by (c.f, 
equation (I-t,5)) 
34 
<ni -2 .4 ) !f(X.Y) « [X.Y] • [ X . Y ] - [ X , T ] - [ X , ! ] . 
How 
[i,Y] . tP(X),P(Y)] - V ; , ^ (P(Y)) . ^ (HX)) 
PCX) P(Y) 
(\7.P)(Y) 4^  P ( ^ Y) . (VJP)(X) - P(VJC). 
X I Y Y 
2 2 
[X»Y] « P [X,Y] - P ( \ 7 Y • \7 X). 
X Y 
[X.Y] - P &(X},Yl • P [ V.Y - ( ^ P ) ( X ) - P ( ^ X)] 
[X.Yj « P[X,P(Y)] m P J ( ^ P ) ( Y ) • P( \7Y) - S7.X}. 
t X X Y "J 
Prom the above relat ions and equation ( l l l -2 .4 ) t the Nijenhuia 
tensor N(X,Y) takes the fora 
( i n - 2 . 5 ) H(X,Y) - (\7P)(Y)-(V1P)(X)+P [ ( ^ P ) ( X ) . ( \7 ^ X T ) ! 
t Y i- Y X -•• 
Vow 
ir(X,Y,Z) S ^ g(H(X,Y),2) 
. g{(^-P)(Y).Z)-g((V.P)(X),2) 
X Y 
( I I I -2 .6) 
- g ( ( \ 7 P ) ( X ) . 2 ) - g ( ( ^ P ) ( Y ) , 2 ) . 
Y X 
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Bat 
X X 
g((Vy)(x),z) --g((v^)(x)»2) •-(\7P)(x,z). 
Y T Y 
fhus equation (in-2.6) becoses 
N(X,I,Z) - (VLF)(Y,ZK(\7JP)(X,Z)-(V'P)(X,2) 
+(V'P)(T,Z), 
X 
which, using the Maxwell equations (1II-2.2), slmplifieB to 
(VVXT.Z) + (VJPXZ.X) - (X7JP)(X,T). 
X Y 2 
Hence, we have 
RESULT in~2 .1 t The Hi^eahuis tensor !r(X,Y,Z) of an 
electromagnetic field in general r e l a t iv i ty i s given by 
(II I -2 .7) H(X,Y,2) « (V .P) (Y,2 )* (^ F)(Z,X)-(^.P)(X,Y). 
X 1 2 
t e now preve the following 
THEORai III-r2.1 I Per an (P,g,r ,S)-etructure 
• For the sake of teeyity we cthall mentioa hence onward (P,g,r ,S 
Btructurs instead of (P,g,r,S)-Btructure of a a l l Idnd. 
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Z 
yROOP t The Fljenhuis tensor i s given by 
N(X.T,Z) « C^>)(Y,Z) • (V'P)(2,X) - ( V ' F ) ( X , Y ) . 
X I 2 
which may be written as 
(II1-2.8) ir(X,T,Z) « (V>)(Y.2) * (V^P)(Z,X) 
X ^ 
•(V1P)(X.Y) - 2iVl^)U,Y). 
I Z 
(\7V)(Y,2) « C^^l^ & iv'^)j (X,Y,Z), 
- c^ fxzCp eV) - (p^p) e'p (x,Y,z), 
( I I I -2 .9) « C [\7 (P 0 P ) ? (X,Y,2). 
Similarly 
( n i - 2 . 1 0 ) ( V ^ ) ( 2 , X ) - C f V ^ ^ ® ' ^ ) ? <Y,2,X). 
Y f l f J 
( I I I -2.11) (VL?)(X.Y)-C f v ^ ( P $ ' p ) ? (2,X,Y). 
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Al8« 
F a r 0 t - t 0 r . 
f 0 F « S 0 t « r ® 1 ; - * s e t © t © r - 2 J « r » r © t 
- T 8 r 9 t 0 r . 
Using this form, It can easily be verified that 
(III-2.12) (P eP)(X,Y,2)+(P ®'F)(T,2,X) + (F «V)(Z,X,T) a 0. 
Hence 
c vf(p e p)(x,t,2) • (p eV)(T,a»x) + (P «'P)(Z,X,Y)] « o. 
(VV(Y,2) • (T7lp)(2,X) • (\7IP)(X.T) « 0 
2 X 2 
(by equations (III-2.9) - (III-2.12)), Pr»a the above equation, 
(III-2.8) becoaes 
(III-2.13) ir(X,Y,2) « -2(V.P)(X,Y) 
i 
« - 2 C ( \7 (P e'p)(2,X,Y)) 
t f 
Hence the proof. 
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Defimtioii I I I -2 .1 t @ and t ere said to be harmonic i f 
(IXZ-2.14) ds » 0 « 6s and dt « 0 « St . 
Equations ( in -2 .14) nay be written as 
(III-2,15a) ( V s ) ( ^ M V ^ s ) ( X ) - 0 , div S « 0, or 
X T 
0 (\7s) » 0. 
w w 
(in-2.i5b) (v t ) (YM\7t ) (x) « 0, div a?«o, or 
X T 
C ( V T) » 0. 
» w 
It may be verified, using (in-1.7) and (in-1.8), that 
(III-2.16) g(S,S) « g(S,T) » g(R,S) - g(R,R) » g(R,T) « 0, 
gCS.I) m -1. 
The yector S is tangent to the congruence of null geodesies 
and so C 48 3 we have 
(III-2.17) C iVsHx) S «0 
Now, g(S,T) m 0 implies fl(T) » 0. 
•r 0 (S » t)(f) « 0. 
f 
39 
or XT' ( G (S 0 t ) ( f ) ? m 0 . 
or C ( V S ) t ( f ) + 0 ( V t ) ( i r ) S « 0. 
W X W X 
Since I t can "be e a s i l y ver if ied tha t 
( I I I -2 .18 ) C ( ( ^ t ) ( T r ) > S m 0 , 
W X 
therefore i t follows that 
C ( V S) t(ir) m 0 . 
W X 
or 
( n i - 2 . 1 9 ) C ( ^ r ) ( t ) 3 ? « 0 . 
f X 
Also* g(RtS) « 0 , hence s imi lar ly i t can also be shown that 
<lII-?-.20) C ( ( \ 7 r ) < w ) ) S « 0 . 
f X 
Also, we have 
S 37 
(III-2.21) c c [(\7 t)(x)] s e i « 0, 
t X f 
S I 
(111-2,22) C^C ( V 5!)Q(X) e T « 0, 
>< y^ ¥ 
Using equation (111-1,6) , we have 
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( V ^) - \ 7 (t 0 S • r 0 T). 
f W 
Henoe 
( I I I -2 .23 ) C ( V F ) ( X ) m C r (V" t ) (X)S • tixH^S) 
W W W W W 
w w 
Using equation (111-2.3) , we get 
0 $ " ( ^ 7 t ) ( X > S + t ( 2 ) ( ^ S ) + ( \ 7 r ) ( X ) ! P + r ( X ) ( V 5 ) ] B 0 . 
W I W W W W J 
Mult iply i t by T, we get 
ST S T 
( I I I - 2 . 2 4 ) C C ( \ 7 t ) ( X ) S 0 T • C C ( \ 7 ' S) t(X)®T 
W X W W X W 
ST S T 
- 0^ 0 . ( V s ) ( X ) T © T - C^ C ( ^ T ) B ( X ) e T « 0 . 
A W W ^ ^ W 
Thla equat l t i i i s the equation s a t i s f i e d by the propagation and 
po la r i sa t ion vectors as a consequence of Majcwell equat ions. 
Proa equations (111-2.21) and ( I I I - 2 . 2 2 ) , t h i s equation reduces 
to 
S S T 
( I I I - 2 . 2 5 ) - C ( \ 7 S ) - 0 0 ( \ 7 » ) ( X ) T e T « 0 . 
W W X ^ W 
We shall now twe these results to prove the following conditioa 
41 
for -Khe vajnlefalHg ©f the Hi;Jenhul8 tensor, fhe vanishing 
of tlte Bfijenhuls tensor Is a necessary and sufficient condl-* 
tlon for taie Integrabl l l ty of the corresponding F-structure 
on the manifold, The geometric significance may "be made more 
clear from the fact that» e»g., for an almost complex mani-
fold, the Vanishing of the Hijenhuls tensor implies that the 
almost complex structure i s obtainable from a complex s t ruc-
ture and i s therefore geometrically more simple. Thus, th is 
theorem points out towards a significant geometric simplicity 
of the present F-structure. 
IHECREM III«2.2 » PfiT M (F.g*r.S)-struGture yyjtft a harmonic 
polarization vector T, N(X,Y,2) « 0 i £ ^ pnly ^f the 
propagation vector S ^ harmonic. 
JEfLpQI : Suppose s and t are harmonic, for null f ie lds , 
the HijeahulB tensor N(X,T,Z) i s given by equation (111-2.13) 
H(X,T,2) m -2 f o ( ^ ( F ©'p)(Z,X,r))? 
. - 2 ^C (F(1)(\7V)(X,Y))^ 
- . 2 ^ 0 (P<2)(-(vV)(T,f)-(V P)(ir,X)))? 
^ W X I J 
(using equation (III-2.2)). froa equations (III-1.6) and 
(III-2.1), this reduces to 
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(III-2.26) ir(X,T,2) • -2 C [ (t(Z)S + r(Z)T) 
.[ -(V (r 9 t - t ® r))(Y,W)-(^ (r«t-ter))(f.X) ]J. 
Using equations (III-2.t5) and (1II-2.18) and simplifying, we 
get 
N(X,y.Z) « 2 0 rt(2)«\7r)(W)t(X)-(S7r)(W)t(Y))S 
• r(2)((\7r)(f)t(X)-(Vr)(W)t(T))Tl . 
T X -^  
Hence, tram equations (I1I-2.19) and <III-2.20), we get 
1?(X,T,2) a 0 if s and t are haimonlc. 
Conversely, suppose that t i s harmonic and 
H(X,T,Z) « 0 then we have to show that s is harraonic. 
Using (III~2.26) for H(X,T,2) and simplifying, we get 
C [ t ( z ) [ [ ( ^ r ) ( T ) . ( \ 7 r ) ( X ) } t ( f ) - t ( z ) {(V^t)(Y)-(Vt)(X)}r(f) 
W A X A X 
• t(Z) J t (T)( \7 t ) ( f ) - r (X)( \ : r t ) ( f ) - t (T)( \7r) ( f )+t (X)(^r) ( f )}]S 
^ X T X T -^  
• r(Z)[[(Vr)(YMV'r)(X)]tCf)-r(Z) [ ( \7 t)(Y)-(\7 t)(X)]r(f) 
+ r(z) [*(Y)(^t)(f)-r(X)(V*)(W)-t(Y)(Vr)(f)+t(X)(\7r)(f)]]T]=< 
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How g(R, S) « 0 Implies C ( y r X W ) S « 0. Also 
w z 
C ( ( \ 7 t ) ( f ) 0? « 0. As t Is haxnionic, equation (III-2.27) 
f X 
on simplications gives 
( in-2.28) (Vt)(S)t<2)r(Y)-(\7t)(S)t(Z)x(X)+(V2?)(f) 
X T T 
t(X)r(2)-(Vr)(!f)t(Y)r(2)-dr(X,T)r(2) « 0. 
X 
7e know that 
C ( ( V t ) ( f ) ) S « -<3 (<Vr>(W)5. 
f X W X 
1 * e • 
(III-2.29) ( V t ) ( S ) m - ( \ 7 r ) ( T ) . 
X X 
Pr«ra equation (lII-2.29)» equation (111-2,28) becoiaes 
( in-2.30) iVtKS) [t(Z)r<T) • t(Y)r(2)] 
- ( \7 t ) (S) [ t (2) r (X)*t (x) r (2) ] • r(Z)dr(X,Y) « 0. 
ot s 
(Ill-2,30ii) C [(V't)(W)^t(2)r(Y)^t(T)r(2)] S 
-(V tXt) ^ t(2)rU)*t(X)r(2)| s] •T(2)dr(X,Y) « 0. 
Multiplying it "by T and contracting T with respect to Y, 
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we getf 
(II1-2.31) - ( V t ) ( S ) t ( Z ) r ( 2 ) - ( ^ t ) ( S ) t ( X ) r ( Z ) 
T T 
T 
-(V^t)(S)r(2)-C r(a)dr(X,Y)T « 0. 
X T 
Multiplying I t again by T and contracting with respect to 
X) we get 
C C r(V'fc)(S)t(X)r(Z)] T e T « 0. 
X r T 
or 
(111-2.52) C C ( ( \7 r ) (T) ) t (X) T 0 T « 0. 
X T T 
From equation ( I I I -2 .25) , we thus haTO 
(III-2.33) C iV S) m 0. 
f f 
I t only remains to show that ds(X,T) « 0 or dr(X,T) « 0 . 
Equation (III-2.31) can be written as 
$ T 
0 ( \7t)(S)t(Z)r(X)T - 0 (\7^t)(S)t(X)r(2)!l? 
I T Y T 
f T 
- ( \7 t ) (S ) r (2 ) -C (Vr) (T) r (Z)T - 0 ( ^ r ) (X) r (Z )T « 0. 
X T X T X 
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Using equation (I1I-2.32), we get 
•(\7t)(S) - (\7r)(3?) . C (Vr)(X)T « 0. 
X X Y Y 
or 
or 
T 
•(V7t)(S) 4^  (V*)(S) - C (V'r)(X)5? « 0. 
X X T Y 
T 
G ( V r)(X) I « 0 
y Y 
or 
or 
S 
c (T7 t)(x) s « 0 
Y Y 
S 
0 (\7 t)(Y) S » 0. 
X X 
Hence, froa equation (111-2.50), we get 
(ni-2.54) dr(X,y) m 0. 
Fr«a equations (ni-2.33) and (III-.2.54), the proof of the 
theores Is completed. 
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1X1-5. XtlOHHlRQWIS? OOHpiflOgS FOR TOTAL RADIl3?I0y. 
Since w© are considering the nu l l eleotromagnetlo 
f i e l d s I n the empty space-time# i t i s na tura l to expect t h a t 
the iichnerowica conditions [ 25 ] for t o t a l r a d i a t i o n i n 
general r e l a t i v i t y are a t t a inab le in t h i s case . 
l e t Ric be laie Riccl tensor and l e t R be the (1 ,1 ) 
tensor f i e ld such that 
g(R(X),T) ^ Ric(X,Y). 
Then the f ie ld equations of general r e l a t i v i t y i n empty space-
time Can be wri t ten as (except for a constant) 
R(X) « tf (X). 
In the present case, we have seen that (c . f . equation ( I I I - 1 . 3 ) ) 
:f (z) « X. 
Hence 
R(X) - X a r(X)S. 
Therefore 
Ric (X,T) • g(R(X),T) « r(X) g(S,y) 
m -r(X)r(Y) » -.8(X)8(T). 
i . e . 
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( I I1-3 .1) Ric(X,T) » -s(X) B ( T ) , 
i»hlch acre the Lichnerowlcz condit ions for the t o t a l r ad i a t ion . 
By v i r tue of equations (111-3,1) and ( I l l - t . S ) , we note that 
( 1 1 ^ 3 . 2 ) Ric (X,T) » Ric (X,T) « Ric (X,Y) « 0. 
3 
Fur ther , by the r e l a t i c n P m 0, vte have 
( I I I - 3 . 3 ) R(X) « 0 . 
COIiLIHEATIOHS IB HULL ELEO!glOMAaHETIO FIELD IK GENERAIi 
REI^IPIVITY 
While Btuaylng the Einstein-Maxwell f ie lds i n general 
r e l a t i v i t y , i t i s often assumed tha t the space-time admits 
one or more Ki l l ing vectors i . e . 
F®r example, when es tab l i sh ing the uniqueness of the 
Riessner-Nordstrom solut ions as regards the existence ©f a 
regular event horizon, I s r a e l [ 21 ] and m«re r ecen t ly , 
Mtiller aura Hagen e t a l C 32 3 considered "Kie c l a s s of non-
n u l l electorvac space-times tifeich admit a time l i k e hyper-
surf ace-orthogoaal Ki l l ing vector f i e l d . On the other hand, 
Car te r [ 7 ] , when studying the proper t ies of the charged 
r o t a t i n g hlack holes , assumed the existence of twi» commuting 
K l l l i a g vector f i e l d s . Likewise, many der iva t ions of the 
exact solut ions of the Einsteia-Maxwell equations are based 
on the assumptions t ha t can be formulated Invar i an t ly i n 
terms of the Ki l l ing vector f ie lds (for a deta i led bibliography 
see [ 2 8 ] ) , In a l l these cases , i t i s assumed, e i t h e r e x p l i c i t l y 
or i m p l i c i t l y that Hie electromagnetic f i e ld i n h e r i t s the symae-
t r y proper t ies of the space'-time In the sense that 
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k k Ic 
d f e f . F ' ^ • ? ^ . + P ^ » 0 . (B) 
^ 13 Idjk Ik^JJ . icj j l 
A natural question t© ask la i vihether (B) i s a 
consequence of (A) together with the Blnsteln-Maxwell 
equations ? Wooley C 57 ] answered the question par t ia l ly , 
for non-null eleotronagnetic f ie lds , by proving that I f 
(A) holds then P necessarily sa t is f ies 
d b , P - k(a) P 
^ ( a ) 13 13 
for some constants kCa), a » 1 ,2 , . . . . , r . Later on Hlchalskl 
and Walnwri^t C 28 ] have shoim that the approach of foolley 
I s an Iffimediate consequence of the Kalnlch-Mlsner-Wheelar 
(C 31 L [ 56 ] , C 4-1 ] , [ 55 ] , 1I\?]) geonetrlzatlon p r o c e -
dure for the £lnstein--Ma3cwell fields and ansvrered the aibove 
question in affirmative. I . e . ©68^4 » 0 Iwplles ^ P^^ • 0 
for no»-«ttll f ie lds. More recently, IXiggal C 12 ] has proved 
the converse problem, for no»-n\ill f ie lds , under certain 
geoMetrle conditions. 
In the present chapter, for (P,g,r ,S>-structure, 
different type: of collineatlons along the propagation and 
polarization vectors have boon studied. I t i s also shonn that 
50 
(£/ P « 0 implies P ^ g « 0 [ i r (<^ P)(X,Y) « 0 
S 13 3 S Ik S 
impllee ( <^ g)(X,Y) « 0 ] , uhlch does not necessajclly imply 
S 
that S i s Kill ing. Thus even under certain geoaetrio coal i -
t ions, for null f ie lds , i t i s not possible that the syimetry 
of the space-ti»e i s equivalent te the existence of cer ta ia 
Killing vector fields althogg^ th is happens for noa-nall 
f ields <C 12 3) . Finally a conservation law, f i r s t given by 
Katzin et a l C^ *^^  If ^^^ ^^^ f ie lds , has been given for the 
present s t ructure . 
IV-1. APPMCAS?IOiys OP LIE DHtlVATIVES TO (g.g.r.S)-S!mqCTimE. 
In this section, a number of theorens, regarding the 
Maxwell - (MO), affinQ-<4P), curvature - (CC) Ricoi cellinea* 
t ioas (RO) along the propagation vector S and polarization 
vector T, have "benn proved. 
THEORai ;yHt1t« ASSaBS:Mm V^  endowed with an (P .g . r .S) -
structure admits MC along ^he propagation vector. 
HIOOP t We know that (c.f. C27 ] ) 
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<36 A « d • 1( B )A • i ( ^ ) • dA 
where A Is any tensw f i e l d , i C ^ ) I s the Inner product 
by ^ and d i s the operator of erterior derivative. 
Therefore 
v \ s 
d£.P « d • 1(3) P • 1(S) • d P. 
S 
Due to Maxwell eciuatlons (III-2 .2a) and ( l l l -1 .8a)» the right 
hand aide vanishes, and hence 
(£ P a. 0 
S 
which proves "fee resul t . 
THECREM IY*1.2 t Por ^ snace^'tiae V. endowed with a noraal 
(P,g,r,S)-structi£re, d6 P • 0 . 
S 
MIOOP t The normality condition for an (P,g,r,s)-Btructur» 
is 
H(X,T) m 0 
where 1I(X,T) i s the Hijeahuis tensor (o.f . 1 -1 .5) . How 
2 
i(x,T) « V OcYj • [px,py] - P[PX,Y1 - PCX,PYI - o. 
Put X » S and use oquatloaa ( l IX-1 .8) , wo got 
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2 (IV-1.1) P [S,Y] - P[S,PT] « 0, 
0r 
(17-1.2) p d6 Y - p £ ( p y ) » 0, 
S S 
or 
or 
-p f -P £ Y >P 3^ Y • < £ P)(Y)? a 0 
L S S S -^  
P [( <£ P)( Y)] m 0 
ThlB Implies that either (a) ( at ^XY) » 0, 
S 
(IV-U5) or (b) ( £P)(Y) « kS. 
S 
Suppose ( ^  P)(Y) « KS, for every Y« 
S 
Replacing Y hj PY this gives 
( dtP)(PY) - Its. 
S 
•r 
2 
£if Y) - P( <£ PY) m kS. 
S $ 
or 
2 2 
•^ (P Y) - P ( (^  Y) « kS. (Pro* (IV-1.2)) 
S S 
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•r 
p 2 ( abP )(T) m IcS, for every Y. 
S 
Again replacing T by PI, we get 
2 
( £ P )(fY) « kS, for every T, 
S 
or 
or 
or 
(IV-1.4) 
S 
3 
F T 
2 p 
- F < *^ PY) - kS. 
S 
-P ( «fc PY) » kS. 
S 
- / [ S . .T] . ^ . 
Applying P t« ( iy-1,1) , we get 
2 
-P Cs» P T ] » 0. 
Hence (I?-1.4) Ijaplies that IsS « 0 and so k » 0 . Therefere 
( ^ P)(T^ m 0 
S 
which pr«Tes the theoras. 
( P . g . r . S ) . s t r u c t , ^ . ( | g ) ( r , I ) . 0. ^tern^t^ve^y. 
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do F « 0 u i m l e s 
S S 
HtOQg J Since £• P always vanishes, ^m get 
S 
0 m ( £V)(X,T) « S.'P(X,T) - ' P ( <£« X,T)-P(X, i j T) 
S.g(PX,Y) - g(P £ X,Y) - g(PX, L T) 
S S 
« ( £ g)(X,T) -^  g(( i:,P)(X),Y). 
s s 
Therefore ( £ P)(X) « 0 implies ( ^  g)(X,Y) * 0, 
S S 
Hence the result. 
RBHARKS t 
1. This however does not necessarily iaply that a 
normal (P,g,r ,S)-structure on a V* admits a moti«n along 
S, Thus even under certain geometric conditions i t i s not 
possihle, for null f ields, that the symmetry of the sp«»ce-
t lae is equivalent to the existence of certain Killing vector 
f ie lds , Tudiile this s i tua t i tn occurs f*r noft-null fields 
(see C 12 ] ) . 
2. I t nay easi ly he verified that 
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( <£ g)<X,T) m 0 implies ( £ g)(X,T) « ( £g)(X,S)«0. 
S S S 
IHSORQI IV«1.4 t i ^ff^ee-1;^e ?^ endowed with ^ 
(F.g.r.S)-structttre ^dmJts HO slon^ the prop^at ioa 
vector* 
PROOF t are hava 
( h Ric)(X,T) a ( V Ric)(X,T) • R i c ( V S , T ) 
S S X 
4.Rie(X, V S ) . 
Y 
ITow, by equations ( n i - 3 . 1 ) , Ric (X,T) m 8(X)s<t). Further 
since ( V s)(X) « 0 and also s ( V s) a 0, i t follows 
8 X 
after simple calculations that 
( ofc Ric)(X,y) m 0, 
s 
which coiapletes the proof. 
yngORqi iy-1,g i ^ ds « O, |hgj | (F.g.r .SVstructure 
admits RC aloaf^ the polarization vector X» 
PROOF J ire have 
( <^  Rie)(X,T) « (VRic)(X,T) •Rie(V5?.T) • R i c ( X , ^ T), 
I T X T 
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From equatloni ( I I I - 3 . 1 ) , af ter slmpllficatioiiB, we get 
( £ R i c ) ( X , I ) « ( V B ) ( X ) S { T ) • s {X) ( \7 s ) (Y) 
<p I I 
• B ( V ! P ) S ( T ) • 8 ( X ) 0 ( V I ) . 
X T 
Since s(T) « 0 therefore ( V ' B ) ( I ) « - . s ( \ 7 a ? ) . Hence 
X X 
< c^ Ric)(X,Y) « 8(X) [ ( V B ) ( T ) - ( V S ) ( T ) ? 
+8(1) [ ( V S H X I - C N / B X T ) ? 
'- f X •* 
« 8(X)dB((!I,T) + s(Y)dB(T,X). 
Hence ^ Rlc « 0 I f ds « 0 ¥diich ca ip le tes the proof. 
T 
ypTE I In fact the wealcer condit ion ds(T,X) « 0 I s 
su f f i c i en t for th i s theorem. 
THEORai IV-1.6 t ^f the Itle de r iva t ive of the propagation 
2 S £ J ^ 5 ai£M mi 2S£i23^ ^ vanls^ies then (F ,g , r ,S) - . 
s t ruc tu re adnl ts RC along tha t vector ( ^ ) . 
MOOl t We haTO 
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{ £ R 1 O ) ( X , I ) «^.Ric(X.Y)-Ric([^ ,Xl , I ) -Ric(X, | :^ ,T | ) , 
f 
and 
( ^ s)(X) m ^ .s(X) - s ( [ ^ ,X]). 
Also, Ri<j(X,I) a s(X)e(X). Therefore, 
( £/Rlc)(X,Y) + Ric(C? ,X],Y) + Rlc(X,C^ , Y ] ) »^.Ric(X,Y) 
» [( £ B) (X) ] S(Y) • B ( [ ^ ,X3)S(Y) 
4. [ ( ^ s)(Y)] s(X) * s ( [ ^ ,Y])s(X), 
« f ( £ 8)(X)j s(Y)4Ric|:[§ .X3,Y)+ [(£s)(Y]|3(X) 
• RIO ( X , [ l ,Y]). 
• r 
( i .Ric)(X,Y) « [ ( £ s)(X)] s(Y)+ [ ( £ s)(y)] s(X). 
Hence, i f { £ B)(X) • 0 them ( £ Ric)(X,Y) » 0 . 
1. I t Bay he noted that the Lie derivative/the propa-
gatlen vecter S aleng i t s e l f vanishes and hence £ Ric * 0 
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which has already been ^own in Theoren 17-1.4, 
2, Also 
« B t - B t 
if 3 d;i 
= (a . . ) t ^ 
i t 3 3fi 
and hence £< Rlc a 0 if s i s closed (c.f , Theoren T 
IV-1.5). 
Prom Yano [ 58 ] i t i s known that for any tensor A 
1 
^ 1 1 I s l ^ i p l § i p l 
^ i i p 
Therefore 
5 i 3k 1 5 jk 5 13 pk § Ik ^ p 
and honoo 
jk 
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4 4 4 ^ 
(17-1.5) | r « - g ( V f y g * V £ g - V £ g ^ ) , 
^ 3k 2 3 S Jcp k 5 3P P ^ dk 
aad there fore , we have 
IHSORIlt iy-1 .7 t A spaoe-tliae V^ endowed ndth 5a 
( F . g . r . S ) - s t r u c t u r e admits iP along aay K i l l i ng vector 
( v i z . ;fy g a O i m p l i e s <£ r sx 0 ) . 
The Lie der iva t ive with respect to any vector "^ of 
h 
the Rieraann curvatiire tensor Rj^ j^j. i s given by 
k k <») k m 
(IV-1.6) £R « R • ^ • R ^ . 
5 jh l jhijm nhi J^ 
k m k m m k 
jmi ^^ Jhm "^^  j h i ^ ^ 
The Bianchi a i^ Ricci i d e n t i t i e s are given by 
k k k 
(IV-1.7) R -f R -i-R « 0 . 
jhi;M j i n ; h j n h | i 
m k k k 
(IV-1.8) ^ R m % - -% 
*•! ; j l | i 3 
.Using (IV-1,7) and (lV-1.8) i n ( lV-1 .6) , m get 
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k k a k m k 
£ R m% • ^ R + 1 R 
- ^ - S f ^ - ^ R . 
l31i;i jrahji j i 3inh 
Fow, flroa Defini t ien 1-0, t h i s reduces t » 
k k k 
^R « ( £ r ) - ( f c r ) , 
f 3hi 5 I j fh 5 lid J i 
and hence, we have 
THEOREM IV-1«8 » ^ Bpace->tlaie 7^ endowed with j a 
(P .g . r .S ) -8 t r i i c tu re admits OC along a vector % provided 
t h ^ § l a g m ^ n g ^ 
RBMARKI I ISieorems IV-1.7 and IV-1.8 are the r e s u l t s 
already obtained by Katzln e t a l [ 22 ] for a general 
Rlemanian V^ » 
IV-2. A CONSERVATION LAW FOR (P.g.r.S)^S!mUCTaRB. 
In general r e l a t i v i t y one can formulate some coaserva-
t ioB laws involving the pseudo tensor of energy and momentum 
• f the g rav i t a t iona l f i e l d . The physical meaning •t these laws 
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i s t h a t th» energy ©f a a t t e r aad electromagnetic f ie ld can 
be transformed into the g rav i t a t iona l energy and v ice- fe rsa , 
the ' phys ica l ' energy of the matter alone i s not conserved* 
However, i f the space-time admits a group of motions, then I t 
i s possible to find some covariant conservation laws, not 
involving the pseudo tensor of the g rav i t a t i ona l f i e l d . 
In th i s regard, Katzin et a l [ 22 ] have shown that 
the existence of a CO i n any empty space-time of Petrov 
type H leads to a conservation law which i s r e l a t ed to the 
conservation law f i r s t obtained by Sachs [ 48 ] . 
Suppose t h a t a space-time 7. endowed with an 
( F , g , r , S ) - s t r u c t u r e admits RG along a vector ^ i . e . 
^ R4a a 0, Since i n t h i s case 
R » g R « 0 , we get 
0 • ^ R « R £ g . 
f id 5 
I j In jn 
Using the r e l a t i o n ^ g « - g g £ g , we get 
% 5 ma 
an an 
0 - R fcg - R ( ^ + ^ ) . 
^ an min mm 
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or 
m n 
R % » 0 . 
m 
Fur the r , since R « 0, we get 
n;m 
m B 
( I7 -2 .1 ) (R ^ ) » 0 . 
m QL 
How, i n our case Rj^  «• kSPj^  , hence (IV-2.1) can be w r i t t e a 
as 
m n 
(T ^ ) « 0, 
Thus, we have 
THEOREM IV"2.1 t Pa^ the space-time Y. endowed with an 
( ? . g . r .S )'->8tructure and admitting RC there ex i s t s ^ covariant 
censer vat icn law generator £ 22 ] of the tprm 
m » 
17-2.2) ( T ^ ) « 0 , 
irtiere '% l a defined by ^ ^ i j * ^' 
NOTES t 
1. Oovariaat conserYatitn law generators of the foi* 
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( i y - 2 . 2 ) were f i r s t dlscuBeed by Trautmann f 53 ] istoo showed 
they held for ^ represent ing confonaal motion i n space-
tlmes vdth R « 0 and for motion In space-time with R j^ 0, 
2 , We know that our ( F , g , r , S ) - 8 t r u c t u r e admite RC 
along the propagation vector S. However, In t h i s case the 
corresponding form of conservation law generator I s not 
m n 
meaningful as R^^ S, « 0 and so the l e f t hand side of (17-2,1) 
I s i d e n t i c a l l y zero. 
CHAPTER 7 
WIJEHHUIS TENSOR AHD NULL ELBOTRCMAGHETIG FIELD IK SENBRAL 
RELATIVITY 
I n Chapter I I I , I t was seen that the Nijenhuis tensor 
played a very natura l role i n the study of n u l l electromagnetic 
f i e l d s . I t i s therefore inpera t ive to explore more about t h i s 
t ensor , wftiich i s the aim of t h i s chapter . In Section 1, the 
divergence of the Nijenhuis tensor has been expressed in terms 
of the electromagnetic f ie ld tensor and the Riemann curvature 
tensor , and i t i s seen tha t i t vanishes for conformally and 
p ro tec t ive ly f l a t space-time, A possible physical meaning i s 
given to the Nijenhuis tensor i n Section 2, by studying i t s com-
ponents in special ised frames. F i n a l l y i n Section 3, the non-
zero components of the Nijehhuis tensor have been worked out 
for the two space-time l ine-elements descr ibing the s t a t e of 
electromagnetic r ad ia t ion . 
V-1. In t h i s sec t ion , we sha l l prove the following theorems. 
Theorem 7-1,^ s For the ( F , g , r , s ) - s t r u c t u r e 
k t k a a 
H « F ( F R • P R ) . 
lm ;k a l akt ma Ikt 
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or, dlvir(X,Y) « R(X,y,2,2) ^  R(X,Y,2,2). 
Theorem 7-1.2. For conformally flat (F,g,r,S)-structure 
div ff(X,T) e 0. 
Iheoren V-1.3. For projectively flat (F,g,r,S)-structure 
diy H(X,Y) « 0. 
Proof of Theorem V-1.1. I t i s known that for null e lec t ro -
magnetic fields (or (F,g,r ,S)-8tructure) the Uijenhuis tensor 
i s given by 
and 89 
(V-1.1) 
Now 
(V-1.2) 
tk 
H w 2 F F 
iB lm;t 
k tk 
N « 2F F 
iMi k lm{ tk 
tk 
F (F • F ) « 0. 
im; tk im; kt 
From the Ricci ident i ty , we have 
F « F + F R + F R 
lm;kt ljn$tk l a mkt am ik t 
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Usiag equation <V-1.a) t h i s reduces t o 
tic &, 9-
P ( 2 F - ( . P R + F R ) = « 0 
iBj tk l a mict sw I k t 
or 
t k a a 
2? « = P ( P R 4 . P R ) B O . 
lEi;tk l a lakt am Ik t 
Hemce equation (V-1,l) becomes 
^ tk a a 
(V-1.3) H « P < P R > P R ) , 
3jn;k aX iQkt ma -j^ kt 
# i ich can be wri t ten as 
(V-1.4) div K(X,Y) = R(X,T,2,Z) + R<X,Y,Z,2). 
This completes the proof of Theoran 7-1.1. 
Proof of Theorem V-1.2.8 Por confoimally flat space-time, we 
hare 
R(X,Y,2,V) m g(R(X,Y,2),t) 
1 
« -Cg(X,lf)Ric(Y,2)-g(Y,W) Ric(X,Z) 
(V-1.5) ^ 
-g(X,2)Rio(Y,f)^g(Y,2)Rio(X,t)] 
•'^|;g(X,f)g(Y.2)-g(Y,W)g(X,2) 3. 
6 
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Since, for aull electromagaetic fields, we have 
(7-1.6) Ric(X,T) « 2V(X,T). 
or,In local coordinates 
k 
R « 2 P F . 
13 ik 3 
Thus for null electromagnetic fields. Equation (V-1.5) becomes 
R(X,Y,2,t) « g(X,t)VT.Z)-g(Y,f)'p(X.Z) 
(V-1.7) N - s -
-.6(X,2) P(T,f)+g(Y,2) P(X,W). 
In l o c a l coordinates, t h i s equation may be expressed as 
P q. 3C y 
R « g P P - g P P + g P P - g P P . 
M3k tak i p 3 h3 Iq k 13 bx k i k by 3 
How, using ikjuations ( I I I - 2 . 1 ) , ( I I I - 1 . 7 ) , ( I I I - 1 . 8 ) and 
(V-1.7) we have 
R(X,T,2,2) -. g(X,Z) 'p(T,2)-g(Y,2)V(X,2) 
-g(X,2) 'p (Y,2)* g(Y,Z)'p(X,Z). 
(V-1.8) —[r(X)r (z ) • r(X)r(Z)3 r ( Y ) t ( 2 ) . 
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Similarly 
(V-1.9) R(X,y.Z,2) « [r(I)r(2)+r(Y)r(2)]r(X)t(Z). 
Prom Equations (7-1.8) and {V-1.9), m have, for confonnally 
f l a t nul l electromagnetic f i e l d s , d i r H(X,Y) a 0 and this 
proves Iheorea V-1.2. 
Proof of Theqrem 7-1.3 t For projectively f la t space-time, 
we have 
1 
(V-1.10) R(X,Y,2,f) » -fg(X,W)Ric(T,Z)-g(T,f)Ric(X,2)3. 
3 
Therefore, 
R(X,Y,2,2) « R(X,Y,Z,2) « 0 
using Equation ( I I I -3 .2 ) . Hence from Equation ( 7 - 1 . 4 ) , 
d iv ir(X,T) m 0 utoich coapleteB the proof of theorem. 
7-2. PHYSISiL MEAyiHO OF HIJBHHUIS TBMSOR, 
In th is section, i n order to have a possible physical 
meaning of the Nijtnhuis tensor, we shall calculate the 
components of the ITljenhuis tensor for a null electromagnetic 
f i e l d i n terms of the e lectr ic (E) and the magnetic (H) 
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3-vec tors . 
Now, the Nl;}enhuis tensor for nu l l electromagnetic 
f i e ld i s given by 
k 
N 
t k 
2F P 
Im lja$t 
Due t o the symmetry p rope r t i e s , the numl^r of i t s independent 
components reduces to twenty four only, 
She electromagnetic f i e ld tensors P and P 
•elcc^YijC -• «» ij 
i n terms of / (E) and magnetic (H) 3-vectors in a canonical 
frame are given by f 65 1 
13 
P 
(V-2.1) 
and 
(V-.2.2) 
0 
•B. 
-Hi 
-E . 
1 H 
0 
^1 
E« 
0 
- H , 
«2 
^1 
«J 
0 
- " l 
% 
-Hg 
a. 
0 
h 
-h 
-52 
- ^ 
0 
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The n»»-zero components of the Ni^enhuis tensor for n u l l 
electromagnetic f i e ld i n terms of B and H are found t o he 
as follows (Using Equations (V-2.1) , (V-2.2) ai^ Maxwell 
equations i n 3-dimensional form) t 
1 
If 
12 
«s 
1 
-H 
21 
m 
t l 
2(F F ) 
12 ; t 
11 21 31 41 
2(P P ^ F P • P P • » . ? ? ) 
12|1 12|2 12|3 12;4 
2(-H5 S i ^ ^ i - i ^ E^  - ^ ), 
jx^ g x ' 0 t 
Simi lar ly 
1 1 / ' \ ' ^ BHp 
13 31 ^ . , 2 ^ . ^3 1 e t ftX 0X' 
»E. ©E. 
V-2.3; 
1 1 <»*1 »*1 ftE-
U 41 ^ 2 ^ 5 ^ ^ 
JX 8X 0t 
I 1 8^1 8H^ eH, 
H » -H « 2(-H- • H« • E. ) , 
23 32 5 ,_2 2 3 1 
j x j jx 8 t 
I I 8% 8 ^ 8E2 
24 42 "5 ^^2 2 ^^3 1 ^ , 
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1 1 
r 
34 43 
8E3 
H a -N «. 2 ( - H , — -• Hg •• E< ) , 
5 2 9X 
1 
ex- d t 
2 2 
IF ss —H 
12 21 
dH, 
»»3 dHj 
2(H3 — • - H, — + Eg — 
»x 8X"^  ©t 
) , 
2 2 ^ ^ * % ^ % 
If w -H a 2 ( -H- — + Ha —— - Ks •—~ ) • 
2 2 
If 41 
0Et »E 1 
2 C H - — - H^ —w • Eg 
8Z 8X 
ftE^ 
d t 
) . 
2 2 *^ i *^ t ^^1 
n « • » » 2 (H, •»— - H4 —— • Eo — ^ )» 
23 32 ^ .1 ^ _ 3 ^ 
ax ax et 
2 2 •®2 9^^ »% 
Iff n -"If « 2 (HI* ""•"" •• H^ "^' ' • Ert >«-— ) , 
24 42 
L I * '— — * 4 4 • ~ T - • * » « 
5 .1 ^ . 3 2 0X ex- »t 
2 2 ' ^ ^ 9^« 
ir « -H « 2(H3 --— - H 
^ ^^ ex^ 83C 
1 3 - ^ 
dS j 
» t 
) . 
|H , 0H, eH, 
ir « • ! m 2(-Ho — - • H. — • E_ —— 
12 21 ^ . _1 ^ 2 5 j t ) . 
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»% aHg 8H2 
3 3 
r 
u 41 .1 
H a ^H a 2(-H2 —-* • H^  — * E« — )t 
8X 
-2 
8X 
»H 1 dH 
N a -H B 2(-H« —— <f 
23 32 .«1 
1 QH. 1 
3 3 
r 
24 42 
H a -H a 2<-H2 —~* ^ H^  T «• 
»E2 
1 
»®2 »^2 
• E , ) , 
8X »x »t 
3 5E, «B, 
H a -H a 2 ( - a , • — + 
^ 2 ^ 
BE, 
8* 
) • 
4 4 ' 3 
N a -H a 2 ( - E 
12 21 
dHj ^Hj 
1^  — - Eg ~ - B3 ) , 
QX ex' 
»H, 
F 
15 31 
-H a 2(E. 
ex 
7 * ^ 
0^2 •'^2 
— - • B- ) , 
2 ^ 3 
ex ex^ 
es. «B. aE. 4 4 »"i *'*'i ' " I 
N a -N a 2 ( - B . —~ - E9 —— - E- ) , 
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4 4 »^1 »^1 «^1 
4 4 8^2 8% ^^2 
24 42 0X 8X ex 
4 4 8^3 8Ej 523 
H «= -H = 2(-B- "—• - E^ —— • • E , —— )f 
HgggE 2 I f we make atPtlT»& to talce the values 1,2,3 only, 
using Maxwell^s equations in the three dimensional form, these 
r e l a t i ons can thea he expressed (only i n a symbolic way) in 
a more simplified form as follows j 
(7-2 .4) - / •* -(H X \ 7 ) E • E ( V A H) . 
2 4p a p a :. p 
1 a -• 6 - 6 
(7-2.5) -Br - ( H / V ) e H ^ E e (V;< E ) . 
1 4 ^ f 
(V-2.6) - M - e ( B . V ) H , 
2 a^ apf 
1 4 
(V-2.7) - » - (E . V ) E . 
2 a4 a 
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The above expressions are only symbolic without any 
regard to covariance ani contravariance. In fact that they 
are meant to represent is the following s 
1 a 
(V-2.4.a) « Ihe 9 components of <- If are the components 
2 4^ 
of - ( H K V ) B • B e curl H, where (Hx V ) is the operation 
8 8 8 8 8 8 
((Hg ~ - H, — ) . (H, — - H, — ) . (H, — - Hg — ) ) . 
ex'^ j|X 0X 0X 8X ©x^  
1 a 
(V-2,5a) t The 9 components of - H are the components of 
2 pr 
(HxV ) H • E e cu r l B. 
1 4 
(T-2,6a) t The 3 components of - N are the components of 
2 a^ 
-• -# 
(E. V ) H. 
1 4 
(7-2.7a) t The 3 compo7ieM*B of - N are the components of 
2 aft 
( B . \ 7 ) B. 
It may be noted from the equations (V-2,3), and more so 
from the above relations (V-2«4a - 2.7a)t that the various 
components of the Nijenhuis tensor give the variation of the 
electric aid magnetic fields in various directionsj for example» 
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Eg^uatloaa (V-2.6) and (V~2,7) represent the Varlatloa ©f 
the magnetic field in the direction of electric field and the 
Variation of the e lect r ic field in i t s own direction, respec-
t ive ly . 
Furthermore, from the above relat ions one can easi ly 
deduce that 
a -* -
(T-23) H « 2 div ( E X H). 
a4 
which gives the divergence of the Poynting vector of the 
electromagnetic f ie ld . 
Equations (V-2,4) - (V-2.7) may also be expressed in a 
matrix frcan as follows t 
1 
i 
BfTH 
M 
«D 1 ID 
1 
<& 1 a 
1 ^ 
Y 
1 
«D 1 40 
1 
1 
% 1 s, 
Y 
1 
+ 
4D 1 4D 
i 
1 
•SI & 
Y 
rf" 
c y j w CM 
«> '46 I i b I D B «
I 
« 
I 
Y Y 
I 
<D I O 
+ 
W I M 
O I <D 
n ~ i 46 
4D I « 
t 
w 
• 
Csj 
€n 
H 
I 
I Y 
•r- I CM 
CM 
I 
1 r 
P. 
t 
ft Pa -"J^ H «f| ^ ra 
Y 
I 
ID I I H 
r f * ft'l'a a"! w. 
^Ta ID I ID 
I 
est 11 -> CM 1 T -
n 
€\ CM ID ID 
CM 
+ 
H 
o 
tt 
I 
ID 
I 
prl% 
irra 
m 
CM 
CM l e g 
a I a 
I 
if 
if rn 
ID I «D 
4D I • 
I 
4D I ID 
B^ra 
«D I ID 
I 
* D * - | «D 
•f 1^ 4 
ID I «D 
»rrH 
4D I « 
ID I ID 
I 
ID I » 
^ i CM 
CM 
t 
: : : — i 
^ 
CM 
H 
ID 
""Ta 
+ 
ID I « 
I 
ID I » 
ID I « 
I 
€n €n 
CM 
«D 
" ' % 
-fra 
»r 
R I M 
I 
«D I 
CM 
M 
ID 
I 
o 
•a 
4> 
I 
S 
I 
o 
•s 
e 
g' 
o 
o 
CM 
»4 
CM 
M 
rf't'%4 
ID I «D 
«D I «D 
•f 
•CI CM. H ID 
« ~ 
ID I « «D I 
CM 
CM 
Pd 
PTI^H 
IP f «D 
'a'|'\i 
% I & 
CM 
P« 
€*ra aTa 
1*^  
rf^ 
^ I CM 
i . I H to I ID 
II I ! 
\ ^ » 
f - I CM 
 
« 
• pr 
8 
I) 
R 
^ I CM 
• ^ ^ 
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fe know that for null electromagnetic fields, we have 
-» -• 2 2 
S-H « 0 and E - H » 0, i.e., the electric and magnetic 
vectors are orthogonal to each other and are equal in magni-
tude. It is therefore possible to choose a frame of reference 
^ "* 2 3 
such that E and H are along the x - and x-directions. 
In such a frame, we have E «s (0, Epf 0), H e (0, 0, H») and 
of course Eg « H-. 
fith this choice of fraaie, the relations (V-2.4b)-
(V-2,7h) can be expressed in a simpler form as 
(7-2.4c) 
1 a 
- H 
2 4^  
0 
aE 
h 
»3C 
0 
H, 
dE, 
8X 
(V-2.50) 1 «» 
2 
»x 
0 
1 9H 
2 2 jx 
1 e^-Bj 
-( 
2 ax 
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(where ft « 1, "T « 2 correspomds t© the entry ©f c»lumm 
three , and so o« im a cyclic permutatl»m). 
1 4 • ^ (?-2,6c) - Jr o Co, 0, Bp ] 
2 aP ^^2 
i»here, agaia» the correspoadaace i s as ah«ve. 
2 
1 4 ^ 1 8^2 
(V-2.7C) - N . f o , - - ~ , 0 ] 
2 «4 2 ^^2 
These represeatatldae t r i ag out isore clear ly the 
interpretat ion given t« the c«mponcnts ©f the Nijenihuis 
tensor. 
7-3* In this section, we proceed to calculate the non-zero 
k 
cooponents of IS^^ for certain space-tine solutions represe*-
t ing the state of electromagnetic radiat ion, 
(a) l a l and Pandey [ 62 J considered a space-time whose 
line-element is given hy 
n 
(V-3.1) ds^ « -Adx^- Bdy^- (l-B)ds^- 2Edzdt • (f*E)dt 
Here A and B are any functions of z, t and B a function 
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of x .y . z . t . They have shown that the electr«magnetlc field 
I j • 13 
here i s ©f m i l type, i . e . , F f « F F a 0, and have 
13 13 
fouaa the wave-like solutions of the field equations ©f 
general relativity. 
For the metric (tr-3.1) the covariant and contravariant 
components of the electromagnetic field tensor are given "by 
(V-3.2) 
F » 
13 
0 
0 
0 
0 
- 0 -
/ • 
0 
0 
0 
(V-3.5) 
i;l 
0 
0 
^/a 
^/A 
0 
0 
- /° /B 
-/>/B 
- o " / ! 
/>/B 
0 
0 
-cr/A 
/ ' /B 
0 
0 
where and r are functions of x,y a»l ( z - t ) . 
Fran equatio»s (7-3.2) a»d (V-3.3), the nen-vanlshing 
components of the ]fi,je»huis tensor for the l ine-e l^ ient 
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(V-3.1) are found to be 
3 4 3 
H « F » "-If I 
13 13 14 
3 4 3 
23 23 24 
-JJ » 2 ( - c r / i ) ( - a - ) + 2(/>/B)(- <r ) 
14 ,1 ' ,2 
4 
-Sr «2(-a7iL)( />) • 2 ( / > /B ) ( / 3 ) 
2 ^ f 1 9 2 
«a Q ( S a y ) . 
ffe can write these components of Niienhuis tensor l a 
the matrix fona as follows t 
a If 
4^ 
0 0 
Q 
0 
0 
^r 
0 
0 
0 
0 
0 
0 
0 
ccP 
L Q •p 0 1 
N 
a4 
C -y • Q 0 D 
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k 
This corresponds to the general feias ©f H giirem "by 
i j 
re lat ions (7-2.415 - 2.71)) with the conditioa that the 
vectors B and H are ( «r , - yo , O) and ( yo , cr » O) 
respectively ai3^ the line-element i s given by (V-5.l)« 
(h) S i n ^ aad Abdussttaur C ^ ] liave given an example of 
an electromagnetically radiative space-tirae ^ i c h i s not 
gravitatlonally radiat ive. Starting from the general cyl in-
drioally-symiDetric metric of Harder E ^3 J , they have obtained 
a solution in the form 
p ? 9 9 9 9 
(V-3.4) ds « A (dt - dx ) - B (dy • dz ) 
2 2 l/z 
exp (1 
where 
r exp ( t • X - 2tx) 
V(1 • a t ) 
^ 
 - 2tx} 1 
= J ^ -
+ at) •' > 
and a i s a positive arbitrary constant. 
fhe non-vanishing components of the Riemann curvature tensor 
for this model show that i t i s of Petrov type I degensrate. 
The covariant and contravariant components of the 
electromagnetic field tensor for th is model are given by 
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(t-3.5) 
12 
P 
13 
14 
» 
« 
«. 
24 
34 
23 
ts 
ts 
«s 
^Vfs* f 
/ 
0 • 
aM 
(7-3.6) 
12 24 / 2 2 
f a -F » (J / A B f8iK , 
13 34 ' 2 2 
F » -F e ^/A B fan, 
14 23 
where a dash denotes the different iat ion with respect to ( t-x) 
/ 2 / 2 
and Q ai^ y are fuaotloas ©f (t-x) such that (4) -i- (Y ) « 
o((t - x ) . 
From Equations (V-3.5) and (7-3.6) , the no»-vanlshlag 
otaponeots of the Kljeiihuis teaser for the liae-element (7-3.4) 
are fouad t© he 
2 2 / .y 2 2 
IT o]f « 4 M / A B V ] 9 H , 
12 24 ' 
2 2 / '/ 2 2 
If « » « 4 » r / A B r 8 « » 
13 34 
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3 3 / // 2 2 
12 24 
3 3 / // 2 2 
H « N « 4 r y / A B y s n . 
13 34 
These componeats of Ifljenhuis teasor ca» he \wittea i a ttoe 
matrix form, as follows t 
1 a 
2 4p 
/ // 
0 -2(^ ^ /Van 
// 
-24'r/ ran 
0 -2NK4Vr8» -2rV/VSK 
1 a 
- H 
2 pl^  
0 
•2 (>r/vi9ii 
-2 r V'/ren 
0 
<^  (>/>/§» 
/ . / / 
2 f 4> /Van 
1 4 
- H 
2 ap 
Co. 0, o l 
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^ * r -1 
- N a L 0» 0 , 0 J 
2 a4 
These relations als« ctrrespoad to the general forme 
•f the Hijeahuis tensor given by (7-2.4t) - (V-2.7b) such 
that vectors E and H are (0, <> /Y"8« , Y/T^*) a»^ 
(Of - Y/lfSHt V /ITQ*) respectively, and the l i ne - e l ^en t 
i s given by (V-3.4). 
u tm. urn*. aMMugjKMBfKo 
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